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Patterns from stability analysis (simple examples)
(1) Local and global approaches.

                       Problem of relative stability in far from equilibrium systems.

(2) Linear stability analysis.

                       Stationary (fixed) points of differential equations.
                       Behavior of solutions near fixed points: stability matrix and eigenvalues.
                                  Example: Two dimensional phase space structures
                                                   Lotka-Volterra equations, story of tuberculosis
                        Breaking of time-translational symmetry: hard-mode instabilities
                                  Example:  Hopf bifurcation: Van der Pole oscillator
                        Soft-mode instabilities: Emergence of spatial structures
                                  Example: Chemical reactions - Brusselator.
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   Local and global approaches
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The problem of non-potential systems 
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Linear stability analysis

Assumption: The system is desribed 
by autonomous differential equations
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Lotka-Volterra systems:   Hare-lynx problem Lotka 1925 (osc. chem. react.)
Volterra 1926 (fish pop.)
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    - concentration of hare (rabbits)

- conc. of lynx (foxes)

1nα

2nλ−
21nnβ−

1n

- rabbits eat grass and multiply
1=α(               sets the time-scale)

- foxes perish without eating

- rabbits perish when meeting foxes  1=β(             sets the        -scale)1n

21nnγ− - foxes multiply when meeting rabbits 1=γ(              sets the       -scale)2n

2
1nκ− - finite grass supply

Fixed points: 0,0 21 == ∗∗ nn 1, 21 == ∗∗ nn λ



Hare-lynx problem: Fixed point structure
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Doom Coexistence
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Problems of fluctuations and discreteness



Behavior of solutions near fixed points
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Linearization  
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Stability matrix

Diagonalization
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EigenvaluesSolution
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Eigenvectors
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Fixed point structures
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      Fixed point structures and the problem of tuberculosis

Cause: Koch bacillus;     Treatment: serum, antibiotics;     Immunity by vaccination

Characteristics: periodicity in the course of illness

antibodies

Koch bacilli



Breaking of time-translational symmetry:  Limit cycles

Example:  Skier on a wavy slope

Example: Van der Pole oscillator
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Van der Pole oscillator
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Emergence of spatial structures: Soft mode instabilities
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Spatial mixing: convection, diffusion, … Reaction-diffusion systems
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& Chemical reactions in gels
(model example: Brussellator)

Stability analysis:
(1) Stationary homogeneous solutions:

Stab



Brusselator -
            oscillations and spatial patterns in chemical reactions

(Prigogin and Lefever, 1968)
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Brusselator I - rescalings and canonical form of the equations
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Brusselator II - rescalings and canonical form of the equations
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Brusselator III - rescalings and canonical form of the equations
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Brusselator IV - perturbations  at the homogeneous fixed point
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Brusselator V- eigenvalue analysis

kα2−

0))(1(])1(1[ 2222 =++−++++−++ dkkbbkdb kk λλωλω

kβ

kkkk βααω −±= 2

2
kk αβ =

kα

kβ
stable

unstable

soft mode instability

hard mode instability

0<kβ unstable

0  ,0 >> kk αβ

0  ,0 <> kk αβ stable

2
kk αβ > stable   or  unstable   focus

0<kα 0>kα



Brusselator VI- hard mode instability
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Brusselator VII- soft mode instability

kα2−

0))(1(])1(1[ 2222 =++−++++−++ dkkbbkdb kk λλωλω

kβ
kkkk βααω −±= 2

2
kk αβ =

kα

kβ
stable

unstable

soft mode instability

+→< 0  ,0 kk βα

instability point

42)( dkkdbdk ++−+= λλβ

02 =
∂
∂
k
kβ0=kβ

2)1( −= bdcλ

kmink

Soft mode  instabtility first
if

hard
c

soft
c λλ > 1

1
1 >

−
+>

b
bd uv DD >



Emergence of spatial structures: Stability analysis
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Linearization  
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Stability matrix

Diagonalization
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Eigenvectors
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Critical slowing down and classification of instabilities
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Classification of instabilities - emerging structures
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Stationary structures emerging in d=2 homogeneous systems
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