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Motivation: Do witches exist if there are 2 extreme hurricanes in a century?
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Question:

D Can this be done at all?




Number of Hurricanes in the North Atlantic, 1878-2015
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Data sources:

« NOAA (National Oceanic and Atmospheric Administration). 2016. The Atlantic Hurricane Database Re-analysis Project.
www.aoml.noaa.gov/hrd/hurdat/comparison_table. html.

«Vecchi, G.A., and T.R. Knutson. 2011. Estimating annual numbers of Atlantic hurricanes missing from the HURDAT database
(1878-1965) using ship track density. J. Climate 24(6):1736-1746.
www.gfdl.noaa.gov/bibliography/related_files/gav_2010JCLI3810.pdf.

For more information, visit U.5. EPA's “Climate Change Indicators in the United States” at www.epa.gov/climate-indicators.



Examples of extreme value problems 1.

MWMWM max{ v(t) }="?

L.

~5 years (data) ~100 years (design)

»
>

Q: How long will they stand?

Distribution of the breaking strength of the weakest link
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F Breaking strength of glass fibres

Q: Can we calculate P(F) ?



Examples of extreme value problems I1.

Stuart Coles:
An Introduction to Statistical Modeling
of Extreme Values
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The 1841 sea level benchmark (centre) on the “Isle of the Dead',
Tasmania. According to Antarctic explorer, Capt. Sir James Clark Ross,
it marked mean sea level in 1841.

Annual maximum sea levels at Port Pirie, South Australia
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Examples of extreme value problems I11.

Standard candles: Using the brightest, 2nd brightest, ...

N ~ 100 galaxies

Sloan Digital Sky Survey

Hercules Cluster
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Random energy model of spin-glasses

S-K model

B. Derrida (1980)
J.-P. Bouchaud and M. Mézard (1997)

£ JiN
_“_ H ~ _Z J.J | J P(‘]u) EXP| — J

.| replaced by 2

| —E P,(E,)~ exp{ = }
—1 N

2N o
states == .
== Low temperature behavior:
- Q: What is the distribution of the ground state energy?
1 JIn?2
4 u= ] E.. - NIn2
T (Ewin u-+e u exponential
P(u)=¢€ ~€ distribution

correlations?



Figures are from Stuart Coles: An Introduction to Statistical Modeling of Extreme Values
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Sea level (in meters)

Annual maximum sea levels at Fremantle, \Western Australia
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Problems with EVS: Trends I.
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Race time (secs)

Problems with EVS: Trends IlI.
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Fastest annual women’s 1500 meters race times




Ocean Temperature Departures ("C) for Nifio 3.4

(5°N-5°S, 170°W-120°W)

Problem of time-correlations

Most of the EVS theory
IS about i.i.d. variables but ...

Annual
maximum
sea levels at
Fremantle,
W. Australia
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Daily rainfall

Problem of information loss

Daily rainfall accumulations

This part of the
distribution gets
lost in EVS



Sea level (cm)

Order statistics: Second-, third-, ..., largest values
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Largest 10 annual sea-levels in Venice

Trying to correct for
the loss of interesting,
discarded data.



Sea level (cm)

Record statistics
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The same at Hartford (CT)

Problem of spatial correlations
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Annual maximal Wind Speed (in knots) at Albany (NY)

Q: At what distances
are the correlations
negligible?



Problem of trends and the choice of variables

Searching for independent variables.
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Left panel: daily closing prices of the Dow Jones Index.
Right panel: log daily returns of the same.



Extreme value paradigm

=1 Sl =nw)

Pjepine i

Y| ismeasured: |Yi Yoiee Yy

Zy =max{y,, Y., Yn )

Logics:

Assume something about | Y.

E.g. independent, identically distributed

Use limit arguments: (N — o0)

A family of limit distributions (models) emerges

Calibrate the family of models
by the measured values of Z,; .

Slightly suspicious but no alternatives exist at present.

Question: What is the distribution
of the largest number?

Py(y)

Y
o 6.0-—00—0
® 0—00—0—0 I—T
. 0-0—0 I v
. P(2)




Y

Assumption: Independent, identically distributed
random variables with

1st question: Can we estimate Zy ?

General considerations through an example

IS measured:

P,(Zy)A-N

Yir Yorea Yy

Z

~ e NN

!

Z, ~InN

Note:

Zy

A

v

Zl

N —o0

' P,(y)=e"Y parentdistribution

2"d question: Can we estimate §° = (2 —2Z,)° ?

P,(Z, +0)A-N =1/e —

o~1

Homework: Carry out the above
estimates for a Gaussian parent

distribution P, (y) ~eV'!




Fisher-Tippett-Gumbel distribution

Q1: Can we calculate

Pu (Zy)

?

Q2: Is there a limit distribution?

lim P (ayXx+Dby)=P(X)

N - o

Probability of z,, <z :

M N(Z) = j Py (ZN )dZN = ﬁ- Po(y)dy}

X=z—-InN

—(z-InN)

N

T

.1.d.

Fisher & Tippett (1928)

| P (y)=e"’ parentdistribution

Z,, =mMax{y,,... Yy |

Y

Po(2)
N N

} {1“} = N

N — =

7, 2

P(x)=lim,_ <M (z=x+InN)=eX¢"

FTG distribution




Gixy - FTG function

Shape of the FTG function

_Xa_, Db scale parameter

=] 1@

Fisher & Tippett (1928)
Gumbel (1950)
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Gixy - FTG function

Shape of the FTG function

__— location parameter

_Xa_, Db scale parameter

| P (y)=¢e"’

Fisher & Tippett (1928)

z,, = max{y,,..., Yy }

!

le —»y

O—OO0—— O O0—0O0—0O

The limit distribution should not
depend on small Y details of O
P, (y) but there is more generality

to this result.




FTG distribution — from Gaussian parent

A

Gaussian parent distribution

P,(y)=2ye™

N
Probability ; Z

2 ;y
M (z)=@1-e")"
— , N —O-0—0—-0-0 O O T
|: X InN:| O-0-0—O0—0—0 O v T
=|1—exp| — + 4/ O—00——0-0—0—0 v
P NInN . I
_ . P(2)t
2 N °
_ 1_exp[—x—x Aln N]} e . N
L N >
Zy 2

P(x)=lim,_, <M, (z=xA/INN ++/InN)=e ™"
FTG distributionj
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A koronavirusban elhunytak korfaja

# Férfi aNo6
L Halottak szdma:
N = 15000 no
: = ~ 15000 férfi
- A hattérben van egy eloszlas —
 ads - ez az, amit megfigyeliink, s
g = = fittelunk. Ezutan feltételezve
. = az esemenyek 1.1.d. karakterét,
. = meghatarozhatjuk egy extrém
: események (pl. a legfiatalabb
. H halott koranak) idobeli (N-fliggd)
fejlodését.
—> N =?
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6

Adat forrasa: koronavirus.gov.hu, Adatok letltése



A koronavirusban elhunytak aranya az adott korcsoportban é1o
lakossaghoz képest

A diagram azt mutatja meg, hogy az adott életkorban 1évok hany
szazaléka hunyt el a koronavirusban

@ Férfi @NG

65 év

|

—> N =?

Adat forrasa: koronavirus.gov.hu, Adatok let6ltése -
Automatikus frissités minden reggel.

Halottak szama:

N = 15000 no
~ 15000 férfi

A hattéerben van egy eloszlas —

ez az, amit megfigyellnk, s
fittelink. Ezutan feltételezve

az esemenyek 1.1.d. karakterét,
meghatarozhatjuk egy extrém
események (pl. a legfiatalabb
halott koranak) idobeli (N-fliggd)
fejlodését.



Extreme value statistics: i.1.d. variables

Z

Y| ismeasured: | Y1 Yor Y TR(Y) p(z) = jd}’ﬁj(}’)

— o

ZN = maX{yl, yz,---’ yN}

M (z) probability of Z\ <Z

M, (2) = [u(@)]

Question: Is there a limit distribution for N — «?

Jim M, (a,x+b,) =

Jim - Tu(a,x+0,)1" = M(x) i

e o o o
L)
—~
N
=2
~
S—
wﬂ

Result: Three possible limit distributions depending
on the tail of the parent distribution, P, (y). Z=ayX+by




e e . ] ) o ] Fisher & Tippett (1928)
Extreme value limit distributions: i.1.d. variables Gnedenko (1941)

J. Galambos (1978)

i P0 (y) @ Fisher-Tippett-Gumbel (exponential tail)
M = (X) — eXp(— eXp(—X))

@® Fisher-Tippett-Frechet (power law tail)

Mere (X) =exp(-x ") x>0
=0 X<0
O Weibull (finite cutoff)

1/
Characteristic shapes of probability densities: My (X) =exp(=(=x)"")  x<0
P (x)=dM (x)/dx =L x>0
Pere o Pere R
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HF2: Picture gallery as a function of y. Do we understand the trends?
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Fisher-Tippett-Frechet distribution

A

Y | is measured: |Yir Yores Yi P,(y)=—2%_  parentdistribution

a+l

Assumption: Independent, identically distributed
random variables with

ZN — maX{yp y2""’ yN }

v

O—O00 0O-O e L@ P y
Question: Can we calculate |Py(zy)|?
—00—0—0-0—0—20
O-O-O——O——O—O——0 I

B N
Probability : : O—00——0-0—0—20
of 7, <z : Mi(2)= [Ri@Ddzy= J-Po()’)d)’} !

N N s\ O

M@)=(1- 5| =1~ ‘A

2° N(N“*z)* ATy

11/« N

1 \N X=N""z
=(1—|\I 0‘) =exp(—x"%)

X . +1/«a -a-1 -a

P(X):J'm s My (z=xN"") = ax™“exp(—x"*)

e e o o
iy
~
N
~

FTF distribution ’j x=0
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P(x)

Fizher-Tippett-Frechet distribution

Shape of the FTF distribution




Finite cutoff: Weibull distribution

Y | ismeasured: |V, Youeerr Yy | R(y) = aﬂﬁtrll (a-y)”

parent distribution

Assumption: Independent, identically distributed

random variables with > a
zy =max{y, Voo Y — 522 Lo oo o Ny
Py
15t question: Can we estimate & — 7, ? o ’
_ _ 0-0-O——0——0—0 O v T
PO(ZN)A'N ~]1 Aza—ZN 0—00——0-0—0—0 I v
l . P(2)
a—z, ~ NHAD ) /@\

2"d question: Can we estimate §° = (2 —2Z,)° ?

PO(a‘) = O e 5 ~ a— ZN — 5 ~ N_ll(ﬂ+l)




Weibull distribution |1

4 1
Y | is measured: |Yis Yoie Yn Po(y) = ﬂtrl (a — y)ﬁ
e
Assumption: Independent, identically distributed parent distribution
random variables with > 3
Zy, = Max{y,, Yo Yy | |
g Y
A
Probability ; , N 0000 O T
of Zy <z M (2)= jPN(zN)dzN =D Po(y)dy} 0-0-0—0—o0—o—o———#
—3 0 O OO OO0 O I v
p+l e
M (@) = -2 = - (PN = F’“" A
a-— ZN ~ N_ll(ﬂ"‘l) Z — a +OXN —1/(,B+1) ZN X:
P(x) = lim 4 My (z=a+xNP) = (B +1)(—x)” exp[-(-x)7*] x<0
—>00

Weibull distribution j P(x)=0| x>0



Zoltan
Pencil

Zoltan
Pencil


: = e i _ra—xX ,3+1
Weibull function and fitting ﬂ(ﬂ)ﬂe (39 s
P(x)=<"1b b =
_ 0 X>a
Zy = max{yl, Yoo Yy } IS measured.
N | is not known!
Question: -
What is the fitting procedure? |
- @—5 -4 - )
5\ ® 6.6 | |
g ° EL 0.4 F /f’ =2.5
Food ...,..-qll -
Breaking strength of glass fibres ; |

HF.3: Is there a better fit? *



o . . . o ] Fisher & Tippett (1928)
Extreme value limit distributions: i.1.d. variables Gnedenko (1941)
J. Galambos (1978)

i P(y) @ Fisher-Tippett-Gumbel (exponential tail)
M FTG (X) — eXp(— eXp(—X))

@® Fisher-Tippett-Frechet (power law tail)

M ere (X) =exp(-x"7) x>0
=0 x<0
O  Weibull (finite cutoff)

1/
Characteristic shapes of probability densities: My (X) =exp(=(=x)"")  x<0
P (x) = dM (x)/dx = x>0
Pera o5 P Ryl
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HF2: Picture gallery as a function of y. Do we understand the trends?
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Extreme value statistics and renormalization group

Limit distribut . | RY) ‘?
Q: Limit distribution for N — o0 ? 0 u(z) = f dy Py ()
Jim - [u(2)) =M(x) -
Z=a,X+Db,
Fix point condition: N — N'= pN > i VY
p Py (2)

[M (a,x-+b))]" =M (x ‘ NG
Interpretation: z:
R,IM(2)]=[M@@)]" =[M(a,x+b)]" =M (X)\

1 P
transformation  scale  shift _
change M (x) = exp[— (1+ ) W] ©
How to get »?
9(z) =-In[-In f(2)] //7<0
9" /(9")|=-1/y y>0  7=0

71—>7*
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Solving the RG fix point equation |.

P
For arbitrary p, we have M (x) = [M (@pXx+ bp)]

Let M(X)=exp[—exp(—f(X))] J

Standardization (shift and scaling) f(x)=f (apx + bp)aHn P
in the x ~ O(1) variable:

M@ =M'(0)=1/e — | T(O)=0 (0)=1

Solution: 'roN : The right hand side
f (X) o ap f (apx + bp) should not depend on p.
|

f(x) =

1 ap—l
where y =
1+ yX b

P
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Solving the RG fixed point equation I1.

f(x)=f(a,x+b,)=+Inp |- f'(X)=1+17/X
£(0)=0  f(0)=1 ‘
£(X) = ZIn(L+ %) + C
Generalized Extreme Value statistics 4 |(|) from

M (x) = exp[—exp(= f (x))] = exp[-(L+ »X) 7] f(0)=0

Probability density:
P(X) = L+~ exp[-(1+79 7]

y -0 limit

M(x) = exp[-exp(=x)]  P(x) =exp[-x—exp(-Xx)]
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Solving the RG fix point equation 111,

Generalized Extreme Value statistics M (X) = exp[—(1+ 7/X)_1/7 ]

U / 1+y)/ 1/
~1/y <X P(X)=(1+79"7" exp[-(1+ )71 Frechet
7<9 P(X) _ (1_‘ ‘ X)(1—7)/7 EXp[—(l—‘ ‘ X)1/7] Weibull
x < —=1/ly| / y
y=0
P(X) =exp[-Xx—exp(—x)] Fisher-Tippett-Gumbel
—0< X<

A line of fix points

parametrized by

/4

y <0

Weibull

y>0

Frechet

Fisher-Tippett-Gumbel



$ Extreme value limit distributions: i.1.d. variables

Po(y)

® Fisher-Tippet-Gumbel (exponential tail)

—x—e X

Prrg(x) = e

—o0 < x < 0

® Fisher-Tippet-Frechet (power-law tail)

i—l Yo y 1 1
(o — )1V Porp(x) = (1 + %) ¥ o=@ty 7
Gumbel 0<y —-1/y <x

0.5 T T T !

0.4

©  Weibull (finite cutoff)

0.3

S

1
Pw(x) = (1 — |y|x)¥T e~y

L0z

A

y <0 x < 1/|y|



1 Extreme value limit distributions: i.i.d. variables
Po(y) .
- Weibull
a sl o o] - ,
e et Y=l !
___1 il —_ 0.8 | ‘
—_— y=10
y v e
/ fl.O- — = 1.2‘
0.5
1 . Yo y
m_ 0.0 ‘
(}’0 o }7) -3.0 -25 -2.0 -15 -10 -05 0.0
Fisher-Tippett-Frechet
Gumbel
1.75] —= :(1,:2 , ‘ | = :;: 1.75 0.5 | | | |
1.50- — Y 06— +1.50 04
_ 125, g ::g;~ 1 t1.25 . oslb
3{ 1.00 ‘ [ {100 3
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What can be deduced from EVS?

Return to the random energy model:

B. Derrida (1980)
J.-P. Bouchaud and M. Mézard (1997)

JiN
S-K model —ZJ” o0, P(J;) ~ exp| -
J°
E,
T replaced by 2 E2
T P,(E) ~ exp{— 3 ZIN } y= >
| —E. J°N
Number T Q !\Iumber of spins
= in the system
of states: == 0 .
N == Distribution of the ground state energy:
Nevs =27 =2

JIn2

U= 3 E.in —NIn2

I
|
m

min

P(u)=¢€

u+€

Low temperature behavior: Second lowest energy and crowding at E

- u
Change of variables for Gaussian:  Ymin = \/W ++/INNgys
EVS

u E exponential
P~ P~ min . . .
e e distribution

qin 1S Needed.
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