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Patterns from moving fronts
(1) Importance of moving fronts: Patterns are manufactured in them.

Examples: Crystal growth, DLA, reaction fronts.
Dynamics of interfaces separating phases of different stability.
Classification of fronts: pushed and pulled.

(2) Invasion of an unstable state.

\elocity selection.

Example: Population dynamics.

Stationary point analysis of the Fisher-Kolmogorov equation.
Wavelength selection.

Example: Cahn-Hilliard equation and coarsening waves.

(3) Diffusive fronts.

Liesegang phenomena (precipitation patterns in the wake of diffusive
reaction fronts - a problem of distinguishing the general and particular).

Literature
W. van Saarloos, Front propagation into unstable state,
Physics Reports, 386 29-222 (2003)
M. C. Cross and P. C. Hohenberg, Pattern Formation Outside of Equilibrium,
Rev. Mod. Phys. 65, 851 (1993).




Fronts separating stable and unstable phases

) crystallization fronts
chemical reaction fronts

The problems:

(1) What is the speed of the front?

(2) Is there any nontrivial structure
nstable in the wake of the front?




Liesegang phenomena | M e

Nontrivial patterns
in d=1-3 dimensions

A ranuuin experiment

MgCl |+ 2 {NH ,OH|—> Mg(OH) , + 2- NH ,Cl

—"

| !

SRR

E
.
f

-

Zrinyi, 95 d=1



Infection front:

Fisher-Kolmogorov-Piskunov equation oan o a%n

—=——+N-— n?
ot ox°

+n - concentration of the infected (immune)

1 «— stable
V="7

0 / f - < unstable

/ |

Initial condition Fixed shape moving with velocity v?

Solution exists for arbitrary v. ——— n(X, t) = CD(X — Vt)

0 2 v

unstable ? stable
v*=2 selected velocity




FKP equation: Instability at small velocities | |57  52n 2
= +Nh—-n
. ot oXx
1
\\\ Solution exists for arbitrary v
by n(x,t) = d(x—vt)
/Inltlal condition F|xed shape
- . d(1_, 1 U@
D =—-vD - O —=@° @ Z——oo
dd | 2 3 v
T T
Vv - friction U ((D)

0\ ] \q)

Z—>+

v (friction) small == oscillations around 0
unphysical (n<0)




FKP equation: Instability at small velocities ‘U (D)

D =-—vd—

d

(1c1>2—3c1>3j
dd |\ 2 3

Unphysical (n<0) oscillations for small v

o~ 1 \ci

L —>+ 0

0> +Vo+1=0

&

0, =1 (-v £V —4)

\J

small @ limit: | = —yD — D
a M
Solution | = ge™
&
o 2
unstable T stable

v*=2 selected velocity

(marginal stability theories)



FKP equation: Leading edge analysis

on=0o:n+n-n’

Assumption: Leading edge determines the velocity
(the front is pulled by the leading edge)

linearization

on=aon+n

Fourier transform

tn
1
mv =7?
o L/ N
/ ’ ‘
Fixed shape

Initial condition

n(x,t) ~ j dk i, e

X=Vt, t—> o

o.n, =~ (-k*+1)n, = w,n,

n(vt,t) ~ [ dkn, e

looking for stationary point in the moving frame



FKP equation: Leading edge analysis |1 o,N = 8§n +Nn—n°

Looking for stationary point in the moving frame o =1- k?
00 Stationary phase
~ Ikv
n(vt,t) = jdk n e T g
s > IV + =0
dk

f
~const

K™= k" (V)

Stationarity in the moving frame:

A — iK'Vt =0

‘.n —
1 v="?
J \W\E Selected velocity: |V = 2
X

0/

(ik*v+a)k*)t

n(vi,t) = e




Conservation laws and moving fronts: Cahn-Hilliard equation

A N
N l

X

n 1S conserved:

stable

1 stable \\\_»
\\\ ‘ unstable 0 unstable

stable

unstable

stable
 ——
- ——— initial condition
0 >
X

-1 Y Y stable

. j n(x,t)dx = const. /&i
1 Ve



Derivation of the Cahn-Hilliard equation

n 1s conserved: jn(x,t)dx = const

a

® on=-Vj

continuity equation

O

The flux of particles should reduce the chemical potential:

IL[:

_oF
on

From @ @ O :

—
-

Jn

—AVu= avoF e
on

0,n=-AA[en-yn’+cAn]

—  kinetic coefficient

A&V, O

can be scaled out




Conservation laws and moving fronts:
Cahn-Hilliard equation

Standard form:

on=-0[n-n+0’n]

An
stable
1 i v
_ —
0 » unstable
-1 ' ' stable
Questions:

(1) What is the velocity of the front?
(2) What is the wavelength of the
pattern left in the wake of the front?

i .
- )h i'Hl
R
il it \Ju
os Il i !’
-1: | n,=0
T
ool | | il .‘} Il
| |
i
SO
NNANNNM
/ l \(”\/Mﬂ_
‘ |
I
NRRARA
J U IJ U U | Ng =05




Linear stability analysis of the CH equation E(”) /
i
e

o.n=-02[n-n*+d%n] b NOF g
-1 0 1
Linearization: \

— 2 : : Ny| constant
N=nN,+oN — [0 =-0.[(1-3n]) N+ . ] in space
Fourier modes l
on =n, (t)e™ o.n =[(1-3n")k*-k*In,

: : o
Dispersion J 1-3n2>0

v
n, (t) = nle™ o = (1-3n))k* -k’
\ X
~Llen. <L Linear instability: 4
J3 T0 T3

It leads to spinodal decomposition ' 1-3n/ <0
Inflection points in F(n)



Pulled front in the CH equation

on=-0[n-n’+0a’n]

Linearization + Fourier modes

0Ny = [(1_3n02) k* _k4]nk

S

N
QTS

A 4 A 4

X

table
r]o
unstable

stable

o = (1-3n2)k*-k* = ak®-k*

Looking for stationary point in the moving frame

n(vt,t) ~ j dk i, e(v+@V

~const

t \»iv+cij—alzk=0

(ik*v+a)k*)t

n(vt,t) ~e A

Stationary phase

goes to zero
at spinodal

Stationarity in the moving frame:

Re(ik'v+®.) =0




Pulled front in the CH equation n stable

17 Y .
0, = (1_3n02) k2_k4 0 » unstable
Stationary phase BT -1 T stable
v+ —% da, =0 —— liv+2ak - 4k”=0

K =Re K +ilm k™

Stationarity in the moving frame:

Re(ik v+@.)=0  —— |y Imk + Re (ak?=k™)=0

Results:

v=2,[1a1g321 IRe k" = \[18g12  ImK” = 41 g!?

2741 7 2
V=2(ﬁ+2)a3/2 3 a

~1.6223%? 12

_ J7+5 A2 _
Rea)k*— = a Ima)k*—

3T +1



1 * stable
Wavelength observed in the lab _ .
0 » unstable
vT X
In the moving frame: 1 2l stable
n(vt,t) ~ e(ik*v+a)k*)tA —— | gidt _ ei(Rek*V+Ima)k*)t
Re(ik'v+a@.)=0 Oscillation in the comoving
frame with period n

In the laboratory frame:

T:T
),

Wavelength: distance between the maximal densities

27T\

A=VvT

Rek'v + Ima .

Wavenumber:

— -  ~821a?

2

Vv

. Imao.
q_7=Rek Mt =%\/19+7\/7a1’2z0.765a1’2



Nemtrivialis mintazatok

Liesegang mintazatok d=1-3 dimenziéban

Zrinyi, 95

1
il
=

i‘q ' HHII_”.“?*

Ciriuay
MgQt, + 2NH,OH - MaOH), =2 NH, ot T igs)

d=1 d=2 d=3 d=3

Torténeti megjegyzes:
Gydgyitja a: kigyomarast,
skorpidszurast, lazat.
Megveéd: fertszéstsl, villamlastol.
HosszU életet biztosit.

Perzsa magusok, bizanci csaszarok
és reneszansz uralkodok kedvencei.




Characterization of patterns Experiment

—— MgCl, + 2NH ,0H — Mg (OH), + 2NH,Cl

% =t

O  Spacing law

X, =@+ p)-X,

distance from the interface |X,

|
|
O  Width law |
|

"n
Wn - Xn
Matalon-Packter |
O atalon-rFackKter 1law Wldth Wn
by | "
p=F(b,)+G(b,) a_ time of appearence n
0

Other (not general) observations: inverse patterns, fine structure between bands, ...



W. Ostwald (1897), N.R. Dhar et al. (1925), C. Wagner (1950), S. Prager (1956),
= Ya.B. Zeldovitch et al. (1960), S. Shinohara (1970), M. Flicker et al. (1974),
Elméletek

S. Kai et al. (1982), G.T. Dee (1986), B. Chopard et al. (1994), ...

o,a=D.0:a—k-a-b
ob=D,0%h—k-a-b

B ,
. forrasa
X

A+B  _, Ly 1, 2 ., C S(X’t)

o,c=kb(a-b—q)+k,a-b-c

ion-szorzat tultelités

2
o.c=ka-b+D_o:c—0.d =)'(f 0

0,d =k f(c—-c’)+k,c-d X; ~[Dst| |c, =const

nukleacid és novekedés

L. Galfi and Z.R., PRA 38, 3151 (1988)



Liesegang savok fazisszeparacio modellje |  Pruss 2801999

c forrasa
S(x,t)

D —

l\_
X, ~t

metastable

0,c=—AA(c— ¢’ +0o Ac)+S(x,t)

Megmaradasi térvény:

0,c=-Vj_ = anE
&

1 0 +1 /
1, 1.,

Szabadenergia: F (C) — _E c2 4 Z C




Liesegang savok fazisszeparacio modellje Il | .

Cahn-Hilliard egyenlet forrassal S(x,t)

0,c=—-AA(c—c’+0o Ac)+S(x,t)

Ch

Xy~ Q (1+p)"

-----------

p = F(by)+ G(by) 2
d,

,,,,,,,,,, Cy ULLH_LL__LhLJﬁJ/\\R
0 1 0‘00 X QOIOO 3000

Termodinamika rogziti c, es ¢,
Wi~ X,

és ¢ megmaradasabol kovetkezik

° | metastable




T. Antal et al., J.Chem.Phys. 109, 9479 (1998)

Tavolsag-torvény

CsapadékképzOdés feltétele c>c*
Megmaradasi térvény:

Daao / jin

X

U

jc‘\ D.c’

n+1

%k
Matalon-Packter Xn+1 z]_ + DcC

X D,a,

n a




Physica A274, 50 (1999)

Prognosztika: egy sav megjelenesi ideje

Paraméterek meghatarozasa kisérletbdl

C=-AA(c—C’+oAC)+S(Xt)| <

Co D
hossz-skala: 0, = Il =2.10*m idéskala:
. { exp = 0.2M ;
Tnnnon j T 0 N . 6
c Texp =10°7S

60 min

o
—
o L
(=]
o
no
oL
o
o

3000




Solidification (Stefan problem in d=1)

T, — melting temperature

Ts<T, T,—A supercooled

solid liquid

— |v="?

Equations: 0T = D,AT (solid)

0T = D,AT (liquid)

At the solid-liquid (plane) interface:

Ds — heat diff.coeff. in solid
D, — heat diff.coeff. in liquid

Ks ,K,| — heat cond. coeff.

L — latent heat

Boundary conditions:

T(X—>xot)=T,—-A

T(X—> —oo,t) =T,

T (Xf 1) = T, Equilibrium at melting temperature (assumption).

Lv =& VT |xf—o —x,VT |xf+o Latent heat must be conducted away.



