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Patterns from moving fronts 

(1) Importance of moving fronts: Patterns are manufactured in them. 
 

                         Examples: Crystal growth, DLA, reaction fronts. 

                         Dynamics of interfaces separating phases of different stability. 

                         Classification of fronts: pushed and pulled. 
 

(2) Invasion of an unstable state.  
 

                         Velocity selection.  

                                   Example: Population dynamics.  

                                   Stationary point analysis of the Fisher-Kolmogorov equation. 

                         Wavelength selection.  

                                   Example: Cahn-Hilliard equation and coarsening waves. 
 

(3) Diffusive fronts. 
 

                          Liesegang phenomena (precipitation patterns in the wake of diffusive 

                          reaction fronts - a problem of distinguishing the general and particular). 
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Fronts separating stable and unstable phases 

crystallization fronts 

chemical reaction fronts 

The problems: 

 

 

stable unstable 

(1) What is the speed of the front? 

 

(2) Is there any nontrivial structure 

      in the wake of the front? 



ClNH2Mg(OH)OHNH2MgCl 4242 
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 Liesegang phenomena 

d=1 

d=3 

d=2 

Nontrivial patterns  
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Infection front:  

Fisher-Kolmogorov-Piskunov equation 

Initial condition 
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v*=2  selected velocity 



FKP equation: Instability at small velocities 
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Solution exists for arbitrary v 

v - friction 
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FKP equation: Instability at small velocities 

Solution 
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Small       limit:    v
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(marginal stability theories) 



FKP equation: Leading edge analysis 
22 nnnn xt 

looking for stationary point in the moving frame 
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Assumption: Leading edge determines the velocity 

                     (the front is pulled by the leading edge) 
linearization 

Fourier transform 
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FKP equation: Leading edge analysis II 
22 nnnn xt 

Looking for stationary point in the moving frame 









tik

k
kendkttn

)v(
 

~
 ),v(



~const 

Stationary phase 

0v 
dk

d
i k

)v(** kk 

Aettn
tik

k
)v( *

*

),v(




Stationarity in the moving frame: 
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Conservation laws  and moving fronts: Cahn-Hilliard equation 
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 Derivation of the Cahn-Hilliard equation 
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The flux of particles should reduce  the chemical potential: 
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Conservation laws  and moving fronts: 

Cahn-Hilliard equation 
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Standard form: 

Questions:                                           

(1) What is the velocity of the front? 

(2) What is the wavelength of the      

             pattern left in the wake of the front? 
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Linear stability analysis of the CH equation 
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Pulled front in the CH equation 
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Linearization + Fourier modes 
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Stationarity in the moving frame: 

   goes to zero 

at spinodal 
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Pulled front in the CH equation 
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Wavelength observed in the lab 

vT

Wavelength: distance between the maximal densities 
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Liesegang mintázatok 

d=1 d=3 d=2 d=3 

Achátok 
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Nemtriviális mintázatok  

                             d=1-3  dimenzióban 

Történeti megjegyzés: 

Gyógyítja a: kígyómarást, 

                    skorpiószúrást, lázat. 

Megvéd: fertőzéstől, villámlástól. 

Hosszú életet biztosít. 

 

Perzsa mágusok, bizánci császárok 

és reneszánsz uralkodók kedvencei. 



ClNHOHMgOHNHMgCl 4242 2)(2 

Characterization of patterns  Experiment 
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Other (not general) observations: inverse patterns, fine structure between bands, … 
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Liesegang sávok fázisszeparáció modellje 
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 Liesegang sávok fázisszeparáció modellje II  
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Távolság-törvény 
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Prognosztika: egy sáv megjelenési  ideje Physica A274, 50 (1999)  
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Paraméterek meghatározása kísérletből 
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Solidification   (Stefan problem in d=1) T0 – melting temperature 

Equations: 

solid liquid 

T0 – Δ     supercooled TS ≤ T0 
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Boundary conditions: 
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At the solid-liquid (plane) interface: 
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Equilibrium at melting temperature (assumption). 
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Latent heat must be conducted away. 

DS – heat diff.coeff. in solid 

Dl – heat diff.coeff. in liquid 

  , S – heat cond. coeff. 

L – latent heat 


