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Theoretical models of the Liesegang phenomena are studied and simple expressions for the spacing
coefficients characterizing the patterns are derived. The emphasis is on displaying the explicit
dependences on the concentrations of the inner and the outer electrolytes. Competing theories
(ion-product supersaturation, nucleation and droplet growth, induced sol-coagukatiotreated

with the aim of finding the distinguishing features of the theories. The predictions are compared
with experiments and the results suggest that the induced sol-coagulation theory is the best
candidate for describing the experimental observations embodied in the Matalon-Packter law.
© 1998 American Institute of Physids50021-960808)50145-9

I. INTRODUCTION (i) After a transient time, the positiax, of the nth band is

Systems that exhibit pattern formation are common infelated to the time,, of its formation through the so-called
nature, and patterns often emerge in the wake of a movingme law Xa~ tn, first discussed in Ref. 4. The time law is
front! A well known example that will be studied below is @ rather obvious consequence of the diffusive motion of a
the Liesegang phenomendithe formation of precipitation reaction front in a gel and thus it is considered to be under-
patterns by a moving chemical reaction front. In a typicalstood.
experimental setup, one has a chemical readianer elec-  (ii) For largen, the ratio of the positions of two consecutive
trolyte) dissolved in a gel matrix and a second reactanter  bands approaches a constant value
electrolyte poured onto the gel. The concentration of the
outer electrolyte is much higher than that of the inner one Xn
and so it diffuses into the gel and reacts with the inner reac- ?HH P, @
tant. The reaction product then precipitates and, frequently,
the observed precipitation patterns are a family of bands owith 0.05<p<<0.4 typically. This last property is known as
rings (depending on the geometry of the sysjedfearly  the Jablczynski law,or thespacing law and 1+ p is called
separated in the direction perpendicular to the diffusion. Thighe spacing coefficientMost of the detailed experimental
process is believed to be responsible for many precipitatioowbservations concern this law. It has been found that the
patterns such as the structure of agate rocks to cite a  spacing coefficient is a nonuniversal quantity. It depends, for
somewhat speculative example, the pattern of human galexample, on the concentratioag and by of the outer and
stones. inner electrolytes which can be controlled experimentally.

Although the Liesegang patterns have been known foBased on several different experiments, Matalon and
more than 100 yearsthere is still disagreement as to the Packtef’ concluded that
mechanisms underlying this phenomenon. The main problem G(by)
is the lack of a theory that could be compared with experi- ~ P=F(0o)+ P v
ments quantitatively and, to a lesser degree, the lack of ex-
periments that produce results amenable to quantitative théthereF andG are decreasing functions of their arguments.
oretical analysis. At first the task appears to be simple. Th&Or various reagents, they fourf(bg) ~by ” with 0.2<y
Liesegang bands are formed at tiniggt some positions,, <2.7. The functionG(bg) is less known but it is generally
(measured from the planes separating the reagents at the ifibserved that it decreases with increasing The observa-
tial momen}, and have a widthv,, . The quantities,,, x, and  tion expressed in Eq(2) is usually called theMatalon-

w,, obey the following generic laws: Packter law
A problem with the Matalon-Packter law is that, experi-

apermanent address: Institute for Theoretical PhysicsudsoUniversity, ~mentally,a, andb, can Usua”y be chan_ge(_j_only by a factor
1088 Budapest, Puskin u.5-7, Hungary. 5-10 and, furthermorep itself has a significant error bar
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since it is determined from a finite number xf-s (n~ 10
—20). Thus the functional fornf2) is far from unique; it
should be considered as a power law fipt®

(iii) Finally, thewidth law states that the widthv,, of the
n-th band is an increasing function af and typically w,,
~Xp ,a>0.2 Since the definition ofv, is open to debate and
the error bars in the measurementswfare rather large, this
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A variation of the single intermediate compound theories
is based on the idea of arnduced sol-coagulation
process+1® The compoundC is assumed to be the sol and
this sol coagulates if the following two conditions are satis-
fied. First, the concentration @& exceeds a supersaturation
thresholdc=c* and, second, the local concentration of the
outer electrolyte is above a threshadd>a* that is often

quantity has largely been ignored in the quantitative discusteéferred to as the critical coagulation concentration thresh-

sions of Liesegang phenomena.

old. The band formation is a consequence of the nucleation

Although there are a large number of interesting ancBnd growth of the precipitate combined with the motion of
often puzzling observations about Liesegang phenomena e front wherea=a*.
particular systems, the above three points appear to be the The time- and the spacing laws follow from the above
only ones which describe quantifiable results and carry som#eories. Thus, to select the correct thegyovided there is

generality.

a single theory for all Liesegang phenomgnane would

One would expect that so few experimental facts can béave to calculate the functional form pta,,b,) in order to
explained easily. Indeed, there are several competin§ind agreement or disagreement with the Matalon-Packter

theories!®~?! many of which®~*fare well as far as the deri-
vation of the time and spacing laws are concerffedll
these theories follow how the diffusive reagefits in the
outer and inner electrolytesA and B turn into immobile
precipitateD,

A+B—...C...—D, 3

law. The spacing coefficient, however, is obtained from the
numerical solution of complicated coupled nonlinear differ-
ential equations and, as a consequence, the results are in an
implicit form that is not particularly useful for deducing
p(ag,bg). A notable exception is the simplest version of the
ion-product theory which was used by Wagitdp derive a
result,p~a52’3, that is at variance with the Matalon-Packter

by taking into account various scenarios for the intermediatéaw. Wagner’s result raises the question whether the present
steps denoted as .C.... . Since the precipitate appears theories contain the Matalon-Packter law at all and our aim
through some kind of supersaturation, further differences irhere is to discuss this question and make an attempt at an-

theories arise from the details of treating the nucleatiorswering it.

thresholds and the growth kinetics of the precipitate.

The simplestand first developedheory is based on the
concept ofsupersaturation of ion-produtt and has been
developed by many researchéts'®23n this theory, there is
no intermediate step in betweénB andD. When the local
product of the concentrations of the reactamtb, reaches
some critical valueg*, nucleation of the precipitat® oc-
curs. The nucleated particles grow and depltand B in
their surroundings. As a consequence, the local levelof

In attempting to derive the Matalon-Packter law, our ba-
sic aim is to keep the calculations and formulas simple so
that the explicit dependence ay and by could be dis-
played. Accordingly, we have to make simplifying assump-
tions. The first two of these assumptions are about the ex-
perimental setup and the majority of the experiments satisfy
the constraints described there. The remaining assumptions
are based on observations of the time evolution of the con-
centrations of the reactants and reaction products obtained

drops and no new nucleation takes place. This continues Ufrom numerical solution of the appropriate equations, from

til the reaction zone(where ab is maximun) moves far

simulations of the proces$,and also from experience with

enough that the depletion effect of the precipitate becomeghe analytical solution of the problem of chemical reaction
weak. Therab=q* is reached again and nucleation can 0c-;one2* We believe that the important features of the original
cur. The repetition of this process leads to the formation Obroblem are not lost after making the assumptions listed be-

bands.

intermediate step in . C...

low
In the next level of complexity, theories contain a single
with the mechanism of band (1) The experimental setup can be described by one-

formation based on the supersaturation of the intermediate dimensional reaction-diffusion equatiofte gel is in a

compoundC.*®Y7 It is assumed thah andB react to produce

a new specie€ which also diffuses in the gel. The nature of (2)
C is not really specified; it may be a molecule as well as a

colloid particle. When the local concentration @freaches

some threshold value, nucleation occurs and the nucleated

particles,D, act as aggregation seeds. Thearticles near to
D aggregate to the existing droplégtence becom®) pro-

vided their local concentration is larger than a given aggre-
gation threshold. These models are characterized by twt4)
thresholds, one for nucleation and one for droplet growth.
The depletion mechanism is similar to the one described for
the ion-product theory and it leads to band formation. We(5)

shall refer to this theory as the theory pficleation and
droplet growth

test tube whose length is much larger than its diameter
The concentration of the outer electrolytag) is as-
sumed to be much larger than that of the inner electro-
lyte (bg) and it is also assumed thafO,t) is kept fixed
atx=0, [a(0,t)=ag]. In experiments one typically has
0.005<bg/ap=<0.1.

Reaction zones and the precipitation bands are much
narrower than the diffusion length.

All concentration profiles can be approximated by
straight lines in the neighborhood of the reaction zones
and precipitation bands.

The slopes of the straight lines are determined by the
diffusion lengths and by the asymptotic concentrations
of the reacting species.

)
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(6) An existing precipitation band acts as a sihkith
b(x,,t>t,)=0 or c(x,,t>t,) =0 boundary conditioh
for the inner electrolyte and for the intermediate com- g £-—— —-—-— = —-—r— - —-mrmr—smmm o | g
pound this is an assumption about the reaction and ag- : :
gregation rates being sufficiently lajge

Using the above assumptions, we can derive relatively
simple expressions fqi(ag,bg) for all three classes of theo-
ries (in Sec. |l for supersaturation of ion-product, in Sec. lll
for nucleation and droplet growth, and in Sec. IV for induced
sol-coagulation theorig¢sThe results are compared both with
the corresponding numerical solutions of the nonsimplified
models and with experimental data. Section V contains our RY
final remarks. 0.0 : : ;

In closing the Introduction, we list the symbols fre- 100 T 150 200 250
quently used in the text: Xn

a(x,t) - concentration of outer electrolyté,

ions
/1//—‘
A=
. j=4
QO
o

o
'S

concentrat

FIG. 1. Concentration profiles in the ion-product supersaturation model of

b(x,t) - pqncentration Of_inner electrolyté; Liesegang phenomena. Concentrations are measured in uagswfile the
ay, by - initial concentrations oA andB; unit of length isyD,/ka,. The ion-productab, and its critical valueg*,

k=Dbg/ay - dimensionless ratio of initial concentrations; are measured in units af and they are magnified by a factor 100 for better
c(x,t) - concentration of sol(or intermediate com- Visibility.
pound;
D., Dy, D, - diffusion coefficients ofp, B, andC;
D; - effective diffusion coefficient of reaction fron(
+B—C);
g* - ion-product threshold;
c* - nucleation(coagulation threshold;
a* - threshold for induced coagulation;
X, - position of then-th precipitation band;
t, - time of formation of then-th band;
1+p=X,4+1/X, - spacing coefficient.

These equations can be solved numerically, and our ana-
lytical expression found fop(ag,bg) in the above process is
in accord with the numerical results. Before deriving the re-
sults, however, let us show how the structure of the result
may emerge from a simple dimensional analysis.

If we assume that both the precipitatiok) (and aggre-
gation (\) rates go to infinity, then it follows from dimen-
sional considerations that the dimensionless spacing coeffi-
cient can be expressed through the available dimensionless
combinations of the parameters, and so we have

by Dy Qq*
a_o’D_a'aobo

Il. ION-PRODUCT SUPERSATURATION

Let us begin with the simplest case of the reactin p=P
+B—D. The ion-product supersaturation theri}® is
based on the assumption that precipitatiobadt timet and  Further simplification can be made by assuming tha not
at a sitex occurs if the product of ion concentrations singular in its first argument and by setting this argument to
a(x,t)b(x,t) exceeds a threshold value zero since in experimentby/ay<1l. Then the Matalon-
a(x,Hb(x,t)=q*. 4) Packter law can emerge only Ff is linear in its third argu-
ment, thus giving
In the mean-field theory, the equations describing this

: ®

reaction-diffusion process are given by -p % =) % q* 9
p=P; +P; . 9
Da Da/aoby
da 9%a . . - .
E=Da—2—k0(ab—q*)—)\abd, (5) We emphasize that this is not a derivation of the desired
IX result. This is, however, what we shall show to be valid in
b b the experimentally investigated range (0<0%<0.4) of pos-
E=Db—2—k9(ab—q*)—)\abd, (6) sible p-s. Our calculation is based on a simple analytical
oX

approach combined with numerical evaluatiorPgfand P».

Jd Figure 1 gives a characteristic picture showing the con-
— =k6#(ab—q*)+\abd, (7) centration profiles as well as the ion-product profile past the
Jt formation of the precipitation bang,, and just before the

whereD, andD,, are the diffusion constants é&fandB, and ~ appearance of then(-1)-th band. It is clear from the figure

6(x) is the step function describing an infinitely sharp that the linearization of the concentration profiles is a good

threshold for precipitation witk being the rate constant. The assumption, and, accordingly, in the neighborhoos,ofwe

last terms on the right-hand sides represent the aggregati®@n approximate the concentrations as

onto the existing precipitate of concentratidfx,t). The ini-

tial conditions to the above equations are givenatgy,0) a(x,t)zao( 1—

: (10)
=agf(—X), b(x,0)=by0(x), andd(x,0)=0.

X
V2Dt
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bg 1.75 ) .
b(x,t) = ————=(X—X,). 1y | === approximate solution
V2Dp(t=tn) exact solution

The condition for then+1-st band to appear is that the 15 fit for the linear regime ,/‘._..
maximum of theab product reaches the valgg . This leads o e
to the following two equations: -

a(xn+1'tn+1)b(xn+1ytn+1):q*1 (12) 1.25

J

120D D]y, 1., =0 (13 -

0.025 0.05 0.075 0.1

The second equation gives a simple relationship between q*/(agbo)

Lo+, Xp @NAXp1, FIG. 2. Dependence of spacing coefficient fi on o*/(ayb,) as given by

I _ _ the ion-product supersaturation theory f@g=Dy,=1. The full line corre-
2Daln 1= 2Xn+ 17 Xn, (14) sponds to the solution of Eg&) and(6), the dashed line to our approximate

which allows us to eliminatenH from Eq.(12) and to ob- theory. The dot-dashed line shows the linear dependence for small
tain an equation fok,, 1 /X, andx,/X,_1. a"/(3obo)-

Assuming now thah is large enough that we can use the
approximation

experiment$and the 14, dependence is also the experimen-

X X
LT —q4p, (15) tally observed behavior. However, in experimeri¢b,) is
Xn o Xn-1 not a universal number. It changes not only 2g/D, is
and one obtains the following equation far varied, but it also depends duy.® Furthermore, the experi-
mentally observe®(by) is also more varied than being just
p¥%(1+p) Dy q* G(bg) ~ 1/by. Thus we must conclude that although it is pos-
dp)=——S"—=\Vr5 (16) A0 o 9 P
(1+2p)2\2+p Daaghg sible to derive the Matalon-Packter law from the ion-product

i i . supersaturation theory, the resulting functidi(®,) ~ const
This equation clearly has@>0 solution for small values of 54 (b,)~ /b, are too simple to account for experimental
{=Dp/Dag*/(aghp). p increases witl{ and goes to infin- 4 canations.
ity for {— 1/4, accounting for the fact that no bands can be
formed if agbg is too small forab to reach the critical value
q*.

At first sight, the Matalon-Packter law does not follow !l NUCLEATION AND GROWTH
from this theory, sincg depends o, andb, only through
aghg. Furthermore, another problem is that, for snlive
obtain Wagner's resultt namely the dependence pfon a,
is of the form

The theory at the next level of complexity assumes that
the A+ B reaction yields the precipitat® through an inter-
mediate compoun@. This compound may, in principle, be a
moleculeAB but it may as well be a sol particle formed By

p~ag 2?, (17)  andB and, possibly, by some other background ions. All of
_ . this rather complicated situation is described by assuming
in contrast to the Mat_alon-Packter predictipr 1/a,. H?‘;‘,’; that theC-s can be treated as diffusing species which pre-
ever, one should notice that the rangepoivhere p~a, cipitate if their concentration exceeds a threshetd The
holds is certainly much smaller Fhan the'expenmentallly Ob'precipitate,D, grows by collecting the neighboring-s and
served values 0.65p<0.4. In this latter interval®(p) IS the various theories differ in the sophistication of the de-
very well approximated as a straight liigee Fig. 2 with  sintion of this nucleation and growth procé&7 In our

parametersd(p)=—0.0035-0.2p. Thus, to a good ap- (,qe the nucleation threshold is sharprtand precipitate
proxmaﬂon, we can writg16) as a Matalon-Packter law will be assumed to be a perfect sink for tBes.
with F(bo) =0.02 andG(bo) ~ 1/by, In order to understand the formation of precipitate, we
D, q* observe that the reaction zofwhere theC-s are produced
p=0'02+5\/D:a b (18 is narrow* and thatc(x,t) reaches its maximum thefsee
a®oro Fig. 3 for characteristic concentration profiles just before the
In this approach we obtaif;=const. andP,~+D,/D,. n+ 1-st band forms The n-th band acts as a sink and thus
Numerical solution of Eqs(5) and (6) indicates that, in re- the C-s (or about half of themformed at the frontx;, end

ality, thep is given to an excellent accuracy by up in this band.
D, |13 Dy | Y] g* With a good approximation, we can assume that at time
p~0,18_0.052(_b + 7_5_2_57(_b o t,,1, When c reaches the threshold valw# and the @
Da Da/  Jaobo +1)-th band is about to form, the concentration@®& ex-

hibits a triangularlike shape and it varies linearly between
For D,=Dy, the order of magnitude foF(by)~0.12  c(x,)=0 andc(x,.,)=c*. As a consequence, we can esti-
agrees with the order of magnitude values Bf in mate the current flowing to theth band as
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FIG. 3. Concentration profiles in the nucleation and growth model of Lie-

segang phenomena. Units are the same as in Fig. 1.

*
[i1=Bei——5 (20)
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—— Da/D¢
0.158 + 4.03«

0.4

Da/ Df

0.2

0 0.025 0.0 0.075 0.1
K

FIG. 4. Inverse of the effective diffusion constant of the fr@y as a

function of k=bg/ag, for D,=D,=1.

D
erf( _

1-«k
2D,

s (20

where erf() is the error functioff and k=by/a,. The re-

Next we note that the front becomes quasistationary in thenarkable feature of the solution of this equation is that, for

large-time limit (its velocity goes as;~1/yt) and so we

the experimentally relevant values 0.895<0.1, the in-

can assume that the above expression for the current is valkgrse ofDy is very well approximated by a linear function of

in the whole time intervallt, ,t,, 1] (numerical solutions of

the reaction-diffusion equations support this assumption

Then the amount o€ which disappears into the-th band
during the time intervalt,,t, 1] can be computed as

thyeq—t
NC%“ |(tn+1_tn)= D.c* L

. 21
Xn+17 Xn ( )

k (see Fig. 4,
D,
D—%nl-l— 7, k~0.158+4.03 «. (27)
f

This is an important observation since it follows frd2b)
that p~1/D; for small p and the Matalon-Packter law will

On the other hand\¢ can also be estimated as the amount€Merge as a consequence of the above equation.

of C-s produced by the frontcp(X,+1—X,), wherecg is a
constart] minus theC-s which are in the triangle shape,

c* (Xn+1_xn)v

NC'\N“(CO_C*)’ (Xn+1_xn)- (22)
Equating the two estimates df¢ then yields
D.c* Xnt1—Xp)2
Cc — ( n+1 n (23)
CO—C* the1—th

We can use now the fact that the band is formed at the fro
whose positionx;, is determined by an effective diffusion
coefficientDy ,%*

Xn+1=X¢(th11) = V2Dt 1, (24)
and find
3 D.c* (25
1+p2" "7 Dy(cp-cr)

The parameter®. andc* in the above expression are
material parameters. The dependence oh a, andb, en-
ters through the effective diffusion coefficiebt of the front
and through the concentratiocy, of C-s left behind by the
moving front. The remaining task is thus to determDe
and cy. We start with the case db,=D,, which can be
discussed with relative ea$élt has been shown for this case
thatD; /D, is determined from the following equation:

The general casB®,# Dy, is more complicated but the
results are similar. The effective diffusion coefficieDt;, is
obtained from solution of the following equatiéh,

/1D ag [D /Dy D

Hl — it _fH a Zf ,
2D,/ by VD, 2D, D,

whereH (x)=[ 1— erf(x) Jexp(?). The behavior 0D, /D; as

a function ofk for Dy# D, is similar to that seen in Fig. 4.
?ne can observe thét,/D; is linear in in the experimen-

(28)

r%ally relevant region and thus E(R7) emerges again but the

constantsy, and », are now dependent dd,/D,.

We turn now to the calculation af,. The starting point
is the observation that the width of the reaction zone is much
smaller than the diffusion lengthand thus the reaction zone
can be approximated as a pointaft) = 2D;t where both
concentrationsa and b approach zero. This means that the
field b(x,t) satisfies the diffusion equation with the reaction
term replaced by the boundary conditibfx=x;,t)=0 and
the other boundary condition beirfgy(x—o,t)=by. Once
this moving boundary problem is solved, the numbeCe,
Nc, produced up to a given time is obtained by the time
integral of the currentj,|=D,db/dx evaluated atx;. Fi-
nally, ¢, is found by dividingN¢ by the advance of the front
in timet, co=Nc¢/X; (here we use the fact that the density of
C-s produced by the front is constant in spdteThe result
of this calculation is given by
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Ve oo V| 2o
Co=——=\/—=6exp — 5= || 1—eff Py . © Simulations of the R-D equations
\/; Dy 2Dy, 2Dy, — Theory with ¢,=C,(b,,x)
(29 --- Theory with ¢,=c,(b,.k=0) %
For D,=D, and k<1 we can use Eq(26) in conjunction vz E } |
with the asymptotics of the error functithto obtain ¢, a %
=by. The physical meaning of this result is clear. Rer - %
<1, we haveD,<D; and thus the front moves fast into the }
region of B-s and, consequently, tH&-s can be treated as 108 }
immobile particles yieldingco=by. Corrections to thecg -
=Dy result can also be calculated using again the asymptot-
ics of the error functior® To first order inD, /Dy, we find ) . . .
D, D, D, 1'046.00 0.04 0.08 0.12
C()%bo 1+D— =b0(1+D—D—) (30) ¥
f a =t FIG. 5. Spacing coefficient for the nucleation and growth theory. &he
We can use now the linearity db,/D; in k=bgy/a, to =by/ay dependence gb is shown for the following choice of parameters:

; ; i At . D,/D,=1, D./D,=0.2, c*/by=0.633, and with all the reaction rates
obtain the foIIowmg parametrization fCQTO. taken to be large. The dashed line is the “linear” Matalon-Packter(B8y
_ hile the solid line is the “nonlinear” version of(33) where the
Co=Dbo(01+ 02k), (31) k-dependence of, (31) is kept.
whereg;=1+ »,D,/D, ando,= %,Dy, /D, are numbers of
the order of 1. Sincer; and o, are of the same order of . o
magnitude and since<1, in the following we shall neglect dependence om sets in forx=0.06 and that taking into

the x term in (32), account thex-dependence of, (dashed ling modifies the
straight line with the right curvature.
Co~01bg. (32 One can observe from E¢33) that the nucleation and

It is important to note here that a similar omission of thegrowth theory gives more compllcate_mb dependences for
bo/ag term would not be justified in the linearized form of F(bo) andG(bo) than the |on_-produ<?t|qn thiory. Powgr law
D,/D; .>’ There we have a constant terim,~0.2, that is an fo_rms forF andG are found _m_the limit ofc <b9 (which
order of magnitude smaller than the coefficienpt~4, in might be the experimental I|rr)|_twhere one obtaing (Do)
front of bg/ay. Thus, for the relevant values bf/ay, the ~_1/_b0 andG(pO)~constant. Itis rema_rkable that these are
two terms contribute equally. sn’mlar to the |on—produc'§ results but with Fhe rolesFoind

The expressiong30), (31), and (32) remain good ap- Gmterc;hanged. Comparing the two theories, we see that the
proximations up to the point wher®,/D;~1. This hap- nucleation and growth theory performs better in the sense

pens, however, only at rather large valuesDgf/D, for « that it can produce power law behavior 18)(bo) as ob-

< 1. Since the diffusion coefficients of usual electrolytes inserved In Some experiments and, at the same time, has a
aqueous solutions are usually within a factor 2 of eachG(bO) Wh'Ch depe_nds ob, more vyeakly bu_t itis a decreas-
othe?” and their ratios rarely exceed®we believe that the "9 function ofb, in agreement with experiments.

approximation(31) can be used for realistic experimental Ir_] conclusion, the nucleation and_ growth theory pr(_)wdes
setups. us with a Matalon-Packter law that is closer to experiments

Having determined; andc,, we can now return to Eq. and, perhaps, describes some of them. Nevertheless, the

(25) for p and find again a version of the Matalon-PackterfunCtionSF andG appear to be too rigid to accommodate all
experimental findings. It should also be noted that this theory

| ! . . . .
" has a predictionG(by)/F(bg)~by that is experimentally
D.c* D.C* mobg easily distinguishable from the prediction of the ion-product
- * th F(bo) ~ 1/bo.
P Da(o-lbO_C*) Da((leo—C*)ao eory'G(bO)/ (bO) /bo
G(b )
=F(bg) + ; o (33 V- INDUCED SOL-COAGULATION
0

Theinduced sol-coagulatiotheory**®is a generaliza-
In order to gain confidence in the above result, we havdion of thenucleation and growtttheory. The solC, is pro-
calculatedp for « in the experimental range 0.085<<<0.1  duced at the reaction front in th&+B— C reaction and it
by using the appropriate reaction-diffusion equatipBgs. flocculates if the following two conditions are satisfied. First,
(5), (6), and(7) must be modified and supplemented by an-c must exceed a supersaturation threshoidand, second,
other equation in order to take into account the nucleatiorthe concentration of the outer electrolytg,must be above
and growth processes described at the start of the sgftion the critical coagulation concentration threshad, The sec-
details see Ref. 3T The results are displayed in Fig. 5 ond condition arises in systems where théns screen the
where the Matalon-Packter law derived abdselid line on  repulsive electrostatic interaction among the sol particles.
the figure is shown to perform very well considering the Figure 6 shows characteristic concentration profiles in
simplicity of the derivation. It should be noted that nonlinearthis process just as the+ 1-st band is appearing. The first
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that the right-hand side of Eq37) can be expanded in
a*/ay. There is no experimental information eff and, al-
thougha*/ay<1 seems to be a natural assumption, we must
be cautious with the*/ay—0 limit. The problem is that the
picture we are working with for the induced sol-coagulation
theory(Fig. 6) is not valid for arbitrary smala* . Indeed, the
fact that the position of thé+ B— C reaction frontx;, is

far ahead of the point of formation of the+1-st band
means that diffusion length of th@ particles is smaller than

Xf(tn+1) ~Xn+1
VZDC(Xn+1_Xn)<Xf(tn+1)_Xn+1- (38)

0 200 = 300 Using Egs.(36) and (37) and neglecting higher order
Xn Xna1 ; * : ;
x terms inp anda*/a,, the above equation yields

concentrations
I
>

e
o

0.0

FIG. 6. Concentration profiles and thresholds in the induced sol-coagulation

. i, D.c*a
theory. Units are the same as in Fig. 1. ¢ 0

<3
Dot 2 (39
The meaning of this result is the following. The place where
remarkable feature of this picture is that the reaction front ishe new band nucleates moves to the-B—C reaction
way ahead of the precipitation zol#his does seem to hap- zone and thus the inequalit@8) gets violated upon increas-
pen in some experimenty. This is understandable, since ing D, or ¢, and decreasing*. It is clear thus that, at fixed
a(x¢,t)—0 at the front, while at the place where precipita- values of the other paramete/a, cannot be taken to
tion occurs one must hav&(x,.1,t,+1)=a*. The second zero.
important feature is that the reaction front lea@s behind The lack of the limita*/a;— 0 has the consequence that
at a fixed concentrationy, as already discussed in the pre- the result for the nucleation and growth the@B88) cannot
vious section. In order that precipitation could occur, thebe obtained from(37). The matter of finding an expression
parameters must be assumed such thatc*. Further as- for p valid in thea*/ay—0 limit and reducing to(33) ap-
suming that the sol does not diffuse too faBi,&D,), one pears to be a rather difficult task since various length scales
of the conditions for precipitationcé&c*) is always satisfied become comparable approaching this limit. We have not
behind the front and far away from the last existing bandbeen able to obtain such an interpolating formula.
(Xp)- Returning to(39), we see that the material parameters
Consequently, the positiorx,,, 1, where the next band can be suclte.g., ifc*/cy<1) thata*/a, can be small with-
appears will be determined by the arrival of the concentraeut the inequality(39) being violated. For such a range of
tion “front” a=a* to a position where=c*. Since thea  parameters we can expaf@l’) in a*/a, and obtain again a
andc profiles neatx, can be written aa=ay(1—x/x;) and  version of the Matalon-Packter law,

c=co(X—X,)/V2D.(t—t,), the above conditions yield
Xl V2D[t ) Y 2Dc*2 ;. 2Doc*? (278% + poby)

Co( X —X p =
Coes ) _ & D.o? b} Dui bl

V2D(tyi1—ty)
o " The spacing coefficierid0) can again be compared with
AL T B that obtained from the appropriate reaction diffusion equa-
l-———|=a%, (35 : . :
Xi(ths1) tions (the equations for the nucleation and growth theory

wherex;(t)= 2Dt is the position of the reaction front at must be augmented with the condition that nucleation can
time t occur only ifa>a*). An exhaustive numerical study is prac-

: tically impossible due to the number of parameters in the
In order to calculat@, we note now that Eq35) yields problem (<. a*/ag, ¢*/ay, Dy /D, D./D.). plus the rates
Xpr1 @ Xq of reaction, nucleation, and aggregation. One can easily miss
Xi(thr) a9 Xty (36) regimes of nontrivial behavior in this high dimensional pa-
rameter space and we claim with this numerical study only

The above equation can then be used in conjunction Wm?hat the Matalon-Packter law as given by E40) is indeed
Xt(tn+1) = V2Dit, to obtainp from Eq. (34), observed for a reasonable range of paramefés 7).

(40

Ao

D 2D c*2 - ) As one gan see frr(])r(140), the induced sol-coagulation
~p= . theory provides us wit
1+p/2 P Dc3(1—a*/ag)? yPp
F(bo)~1/b3, G(bg)~(a+ Bby)/b3. (41)

Since the values oD; and c, come from reactiorA+B
— C which is decoupled from the next stages of nucleation  The power law formF(b0)~b52 is close to what has
and growth processes, the calculations and approximatiortseen observed in some experimé&mad the fact tha6(by)

of these quantities can be taken over from Sec. Ill. Moredis a decreasing function df, is also in accord with the
over, we shall assume that is much smaller thamy so  observations. It should also be clear that a more precise
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--- Theory with c,=c,{b, k=0) one should also explore the possibilities associated with
— Theory with c,=c,(b,,k) these and, possibly, more complicated reaction schemes. Fi-
° Simulations of the R-D equations ¥ nally, an interesting and important test of the conclusion that
185 T ] the induced sol-coagulation theory is preferable in the stud-
T ies of Liesegang phenomena would be the application of this
o theory for the quantitative description of revert
k3 125 k3 //// 1 pattern§:8,29,30,3l
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