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Concentration profiles and reaction fronts in A+B—C type processes: Effect of background ions
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The diffusion and reaction of initially separated iohs andB™ in the presence of counterioAs” andB ™~
are studied. The dynamics is described in terms of reaction-diffusion equations obeying local electroneutrality,
and the time evolution of ion concentrations is determined. We find that, in the absence of reactions, unequal
mobility of ions generates nontrivial features in the macroscopically observable concentration profiles. Switch-
ing on the reactiolM™ +B* —C leads to the formation of a localized, diffusive reaction front, and one finds
that the properties of the froii€.g., the effective diffusion constardre affected by the background ions. The
consequences of this effect on the formation of Liesegang patterns are discussed.

PACS numbefs): 05.70.Ln, 45.70.Qj, 66.16:x, 82.45+2

I. INTRODUCTION precisely, we shall study the time evolution of ion concen-
trations in the process
The reaction-diffusion proces&+B—C has long been o .. .l

studied. This conceptually simple process displays a rich va- A +A +B +B —-C+A +B , (1)
riety of phenomena(nonclassical reaction kineticfl,2], -

clustering and segregatidB,4], front formation[5,6]) and, ~Where the reaction produ@=A B is assumed to vanish
depending on the interpretation AfandB (particles, quasi- from the system. The process startsat0 from an initial
particles, topological defects, chemical reagents),gtgro-  condition where the electrolytes A" andB* B~ are sepa-
vides a model for a number of phenomena in physics, chemrated and their concentrationa*(,é‘,b‘,B*) are constant

istry, and biology. in the left (x<<0) and right &>0) half spaces, respectively,
In many cases of interesh andB are ions A~ andB™) R

and these ions are initially separated from each other. An a (x,t=0)=a*(x,t=0)=agf( —x),

example we shall discuss below is the formation of Lieseg- A (2

ang band$7,8], where an electrolytd~A* diffuses into a b*(x,t=0)=b"(x,t=0)=by6(x),

gel colgmn coyntf'ilnmg another electrolyge B". The con- where 6(x) is the step function. Such an initial state with
c<,entrat|on ofA’s is t.aken to b_e mu+ch larger than that of the ap>b, is actually used in Liesegang experiments, and this
B's; thus the reaction fronf~ +B" —C moves along the  cpgice is also motivated by the fact that investigations of
column. An appropriate choice of reagents then leads to quaront formation from such an initial state have proved to be
siperiodic precipitation €—D) in the wake of the front jnstrumental in understanding tihe+ B— C procesg5].
(Fig. 1). The study of motion of ions is not an easy task and we
In general, the background ion#A{ and B~) are ex- must simplify the problem to make it tractable. We believe,
pected to play a role in the process described above. Nevehowever, that our approximations listed below are appropri-
theless, the usual approach is to neglect them and considate at least for the description of the Liesegang experiments.
only a contact interaction between the neutral reagarsd (1) Itis assumed that the phenomena can be described by
B. This approximation is based on the argument that théeacnqn—dlffusmn equations. This appears to be a correct as-
background ions provide only screening and, furthermoreSUmption for reactions taking place in a gel where convec-
the screening length is much smaller than the scale of corfion is absent.
centration variations relevant in the formation of a macro-
scopic pattern. Although the argument sounds compelling,

one should note that the background ions may generate mac- :

roscopic effects even if the screening length is negligible. H'Cr : Ag'NOj;
Indeed, if the mobility of one of the background ions™(in , ,

the Liesegang cagés much smaller than the other mobili- 0 X, Xq X

ties, then the motion and properties of the reaction front are
altered. Since the properties of the reaction front are crucial FIG. 1. Schematic picture of Liesegang phenomena. The corre-
in determining the patterf9—11], one expects that the pres- spondence with the notation in the text is givendy=CI~, A*
ence of background ions will give rise to macroscopic—H* (outer electrolyte B*=Ag*, B~ =NO;~ (inner electro-
changes in the observed patterns. lyte); and D=AgCl (precipitatd. The initial interface between
Our aim with this work is to verify the above expectation electrolytes is ax=0. The precipitation band&haded regions
and to investigate how the diffusion and front formation areemerge in the wake of the moving reaction-diffusion frédeshed
affected by unequal mobilities of background ions. Moreline atx;).
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(2) The screening length is assumed to be negligiblevhere g, is the permittivity of free space while, is the
and screening is taken into account by enforcing localielectric constant of the system.
electroneutrality. At characteristic ion concentrations An important quantity in ionic diffusion is the Debye
(10°°M—-1M) present in Liesegang experiments, thelengthry which gives the characteristic length scale associ-
screening length is indeed smat- (0 ° m) compared both ated with charge imbalances,
to the characteristic diffusion length-(10~2 m) and to the

width of the reaction zone~10"® m). Further discussion g,8oRT
can be found in Sec. Il. o= (6)

2 L
(3) The concentration profiles are assumed to depend only Fno
gir:ngzgiosnpaﬁt'aéoi;’g[?mgﬁ(ég szltgl'J 1)i'nAél)t(hoel#igr’:egtsogﬁ'l_ie\{vhere Ny is the characteristic scale of ionic concentrations.
segang pher?omenélhye length of th% gel Eolumn can be In a Liesegang experiment, one usually has,
~10~3M — i
made much larger than its widthone should note that the 10 *M~1M and the process takes place in an aqueous

: ~ ~10-10_ 8
finite extent of the sample in the transverse direction posersnedlum €r~80). Thusrp~10 10" “m, and one can

nontrivial problems with edge effects. It appears, however>¢€ that 5 is much smaller than the scale of the macroscopic

; —3_ 102
that these effects can be neglected since the final pattern Esggsén(fégn'ééh%r"]\gdtcgsfljzg ?ﬁgdjé:(t)ronet?;ali{n)éAsrgxima-
usually one dimensional to good accuracy. q ' Y app

(4) The mobilities of the reagents and of the backgrounoIIOn which consists of replacing E¢) by the constraint
ions are, in general, different. For simplicity, we shall con-

sider the case with one of the background ions having a > zn;=0. )
significantly distinct diffusion coefficient: i

D,=D,=D;=D#D;=D. 3 Denoting now the rate of reaction of théh ion with the
é @ others byR;({n}) and assuming that the reaction does not

This is just a technical assumption to keep the number o¥iolate electroneutrality X,;z;R;=0), Eq. (4) together with
parameters small, and this also appears to be the most intdhe constraint7) yields the following equations for the time

esting case for Liesegang phenomena wiagee b,,. evolution of the concentration fields:
Once the above approximations are made one arrives at a . .
problem that can be studied numerically and, in some limits, dni=Di[An;—zV-(ni&)]-Ri({n}) 8

analytically. The process is how simple enough so that the
numerical analysis is not hindered by computer time andvhere the appropriately scaled electric field is given by
memory problems, or by difficulties arising from discretiza- R
tion. = 2iziDiVn,

In order to arrive at the results, we shall proceed as fol- &= s 2Din ©)
lows. First we discuss how to take into account the electro- B

neutrality constraint in the reaction-diffusion equatié8ec. At first sight, the origin of this electric field is not obvious
II). Then the case without reaction is studied and we show. > .
. i . ) : Since& emerges in an electroneutral system. One should re-
that interesting concentration profiles emerge even in thé ber. h h : f diti
ure diffusion proceséSec. Ill). The effects of reactions are Member, howeve, that con_stramts generate forces, an .'t IS
pure . o . . _the electroneutrality constraint that generates the above field.
considered in Sec. IV, where the properties of the reaction ; TR
, LI In reality, the ionic diffusion does produce unbalanced
front are calculated. Finally, the implications for understand- o .

ing the Liesegang phenomena are discussed in Sec. V. charges, whl_c_h, in turn, do generate an electric f&¢ldThe _

charge densities, however, are much smaller than the typical

Il. EQUATIONS IN THE ELECTRONEUTRALITY ion Concentration§izini<nj , andéj‘r is actually a field that
APPROXIMATION allows diffusion in nearly electroneutral conditions. The

_ _ ~ electroneutrality approximatidri 2] replaces the nearly elec-
In a medium such as a gel, the ions move by diffusiontroneutral conditions with exact electroneutrality by replac-

and, in the presence of an electric fild- — V¢, the flux of  ing & with a field & [Eq. (9)] such that the diffusive dynam-
ions |; is given by the Nernst-Planck relati¢n?] ics is constrained to keep the charge imbalances at zero.

It should be noted that there is an extra terméirif a
steady global current flows through the system. Such a cur-
rent is not present in the Liesegang problem and, trying to
keep the discussion as simple as possible, we shall assume
Heren; is the concentration of thieh ions of integer charge that the global current is zero.

z;, D; is their diffusion coefficient, ang,=RT/F is a con- For the process of actual interest Hd), reaction takes

stant combining the temperatufie the gas constarR, and  place only between the ion&~ and B™ and their rate of

the Faraday numbef. The potentiale is determined from  reaction is given byka b™ wherek is the rate constant.

the Poisson equation Thus the above equations in a one-dimensional geometry
take the form

> > > > Z; =
Ji= i+ Ji gie= —D Vni+(7'0nchp>. (4)

F
oL (5) aa =D[d%a +a(a &)]—ka b* (10)

Ap=—
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ab*=D[dzb* — (b E)]—ka b*, (11 12 04
R R . . 10 o R — :
sat=D[s2at —a a* )], (12
g 8r 0.2
. . . 3
b~ =D[db™+ (D7), (13) g 6f S
g
with $ 4r t=lh—— 5 s
_ PN 2f
Do (—a +b*—b )+Dsa"
_ D —— Af)mf : (14) o L@ . .
D(a +b"+b")+Da -10 5 0 5 10

Equations(10)—(14) together with the initial condition$2)
provide the mathematical formulation of our problem. T : T

Before turning to the solution of the above equations, let 40 + E——
us mention that the diffusion-reaction problem of ions in
one-dimensional geometry can be tackled numerically with-
out assuming the electroneutrality condition. The only diffi-
culty is that the discretization of space must be on a finer
scale than the Debye length and so, in the range of physical
parameters wherep is exceedingly small, the calculation
becomes impractical. One exped&nd we verified it for
some casesthat the solution of the full problem will ap- (b , ) ,
proach the solution of the corresponding “electroneutral” -10 -5 0 5 10
problem as is decreased. x [mm]

electric field

10 b

IIl. CONCENTRATION PROFILES WITH NO REACTIONS

Let us begin the analysis of Eq4.0)—(14) by considering
the case of no reaction&£ 0) and let us further restrict our
study to the case ddy>b, corresponding to the Liesegang
initial conditions. The limit ofoy= 0 is especially simple and
treated in textbooks. In this case, the two ighs and A*
must move together; thus an electric field is generated that
slows down the more mobile ions and accelerates the slower
ions. The result is an effective diffusion with a diffusion
coefficientD 4=2DD/(D +D) [13].

The presence of a small amount®6 (a,>b,) does not x [mm]

significantly change the motion @éf's. The ionsA™ QndA+ FIG. 2. Concentration profiles of th& andB ions[(a) and (c),
can separate now but_only by a small amount, which is comrespectively and the electric fieldb) generated by them. The con-
pensated by the motion d@’s. In Fig. 2, we can see the centration is measured in OLwhile the unit of the electric field is
results for the case ob,/a,=0.01 and D/D=0.1 (slow V/m. The results are for the case lof=0.01a, with the diffusion
background ioné\*). The electric field is mainly generated coefficients given byD=10"° m*/s and D=0.1D. Inset in (a)
by the motion of the majority ions and, in turn, this field is shows that region where relative separation ofAhiens is signifi-
the determining factor in the motion of the minor®yions. ~ ¢ant:

Since this field, shown in Fig.(B), moves theA* (A7) ions
in the +x (—x) direction, a similar effect is felt by th&
ions. Indeed, as one can see in Figc)2the B™’s are re-
pelled from the region thé ions moved into, while the ions
B~ are pulled through this region. As a result, a region;
emerges where the ionic and diffusive drifts of 8's are in  patween the ions\~ and B* then the emerging reaction

opposite directions. _ o front may be rather different from that in the case of neutral
It should be noted that the profiles shown in Fig. 2 keepreagents. This is what we shall study in Sec. IV.
their shape in time. The picturestatare obtained from those

att=1 h by rescaling thex axis by a factory/t'/t. This

numerical observation is the consequence of the fact that the IV. REACTION FRONT

Debye length is zero and the initial conditio(® do not The full reaction-diffusion process is described by Egs.
contain any length scales. As a consequence, all the lengfi0)—(14) and the solution of these equations with initial
scales are diffusive lengths proportional {6. The above  condition (2) provides the description of the reaction front.
argument can be seen to work explicitly in the libit=0 Indeed, once the concentration profiles are known, the loca-

concentration

where an analytic calculatiofl4] gives the concentration
profiles, which can be expressed through error functions of
argumentx/t.

The complexity of the concentration profiles shown in
gs. 4a) and Zc) suggests that if reactions are switched on
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tion and the time evolution of the production & +B* Let us now suppose that(t) andn;(x,t) are the solu-

— C particles are given by tions of the above equatior(d8) and (19) with the initial
condition(2). Then one can easily verify that the front posi-

R(x,t)=ka (x,H)b™ (x,1). (19  tion Ax¢(t/\?) and the concentrations;(x/\,t/\?) also

) solve the same problem for an arbitrary-0 (note that the
The properties oiR(x,t) are well known for the case of jnitial conditions do not contain any length scal&hus the
neutral reagents&=0) [5]. In that case, the reaction takes fnctions ni(x,t) and x;(t) must satisfy the conditions
place in a narrow, moving region whose width is mUChni(x,t)=ni(x/)\,t/)\2) and x;(t) =Ax;(t/\?). As a conse-

smaller than the diffusive scales. The motion of the reactionyence, we find that the concentration profiles obey the scal-
zone is “diffusive” characterized by a diffusion constdnt ing form

Xf:\Zth. (16)

Another important feature of the front is that it leaves behind
a density ofC’s [10],

X
ni(X,t):q)i(W), (20)

and the front moves diffusively even if the ionic interactions
are taken into account,

X~ L. (22)

which is independent ot. _ _ The above relationshif21) defines the diffusion constabx;
The parameter®; andc, can easily be determined for throughx;= y2D .

the neutral case by exploiting the smallness of the width of 1,5 scaling of the concentrations E&0) together with
the reaction zone. The reaction zone is replaced by a poirﬁq_ (14) imply scaling for the electric field

where the diffusion equations are supplemented by boundary

Co= J:R(x,t)dt, (17)

conditions and as a result the parame2ysandc, are given 1
as functions ofay, by, D,, andDy, [5,15]. Ex,t)y=—=V¥ (22
The presence of a localized, diffusive front is an essential Voo Wt

ingredient in the theories of Liesegang phenomghall],
and the parameters of the froféspeciallyD; andcy) are

known to influence the properties of the patterns. Thus th ; ST
next step is now to find out how the above picture is modi-ZONe in a unit time is given by the flux of one of the reagents

fied as a result of the ionic character of the reagents. (.g.,ja-) entering the front. According to Eqe20—(22),

Equations(10)—(14) with initial condition (2) can be stud- Ja~ @tX; is proportional to 1t and the velocity of the front
ied by straightforward numerical methods and one finds thaflécays in time in the same way;~1/k. It follows then
the localized-diffusive-front picture does hold, and, further-that the density of th€’s emerging in the wake of the front
more, the scaling properti€46) and(17) also remain valid IS & constant,
when the ionic interactions are switched on. The actual val- )
ues of the parametei3; and Co, however, are affected by o J.izconstz Co. 23)
the presence of background ions. X

In order to understand how these results arise, let us begin
with the numerical observation that the reaction front re-The results(20)—(23) given by the above analytical argu-
mains narrow even if the ionic interactions are switched onment have been confirmed by computer simulations. An ex-
Indeed, for characteristic values af,~10b,~1M, D, ample of such a numerical calculation can be seen in Fig. 3.
~Dy,~10 ¥ m?/s, andk=10"° M~ s [16], we find that Having established the same scaling properties of the
the width is in the mesoscopic range {0 °® m) at all times  front [Egs. (21),(23)] as in the case of neutral reagents, we
available in a Liesegang experiment. Thus, on diffusiveturn now to the actual values of the paramet@rsand c,.
length scales, the reaction zone can be treated as a(asint Since the motion of the reagents is modified by the electric
in the neutral cageand one arrives at equations with no field (22), one expects thdD; andc, will depend not only
reaction terms: on the properties of the reagents but also on the properties of

the background ions.
dini=Di[ 350 = Z3x(ME) . (18 We studied the effect of the background ions by changing

the diffusion coefficienD [Eq. (3)] and keeping all the other
parameters dy,by,D) fixed. The numerical results fdD;

andc, as functions oD are shown in Fig. 4. As one can see,

These scaling results allow us to investigate the production
Qf C particles. The number of’s arising in the reaction

The reactions are taken into account by the following bound
ary conditions at the front:

a~(x;)=b"(x;)=0, co does not change significantly in the physically relevant
(19) range of 0.5 D <10 [Fig. 4(b)]. The reason for this insen-
[ia-(X0)|=1ip+(X¢)]. sitivity of ¢, is that the density of the reaction product for

ay>by andD,~Dy, is mainly determined by the concentra-
The meaning of the above conditions is that the concentraion by [10].
tions of the reagents are zero at the front and the fluxes of The parameteD; is much more sensitive to the mobility
ionsA~ andB™ to the reaction zone are equal. of the counterions, as shown in Figa# Although the mo-
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FIG. 3. Concentration profiles of th& and B ions when the
reaction is switched on. The initial state is given by E2). The
results are shown at tienl h for the case dbf,=0.01a,=0.01IM
with the diffusion coefficients given byp=10"2 m¥s and D
=0.1D. The concentration is measured in units of 001

tion of the front is determined by the interplay of all four
types of ions and the process is rather complex, the result in
Fig. 4@ can be easily understood. Fap>b,, the main

effect comes from the counterions™ slowing down or

€0

speeding up the motion of the™’s. If the diffusion coeffi- L1 T
cientD is smaller tharD, the A~ ions are pulled back by the

A*'s (otherwise the slowA™ ions would form positive . ® .

charge density in the left regiginthus fewerA™ particles 0.1 1 10
enter the front, which yields a smaller value®f. A similar b 1107 m%s]

argument leads to the opposite effect for the cas® ofD. FIG. 4. The diffusion coefficient of the reaction frord () and

The caseD =D is special in the sense that the electric fieldihe concentration of the reaction producg). D is the diffusion
(14) vanishes and the result corresponds to the case of NeUaefficient of theA +

ions while D for the other ions is 10° m?/s.
tral reagents.

) , The units ofD; andc, are 10 ° m?/s and 0.0M, respectively. The
In the next section we turn to the theory of Lieseganginitial concentrations are given Hy,=0.01a,=0.0IM. The points

phenomena in order to demonstrate the relevance of thggicated by the circles correspond to the case when the background
above results in the description of a relatively simple patternions have no effect on the dynamics.
forming process.

particular, its dependence on the initial concentratieyand
V. IMPLICATIONS FOR LIESEGANG THEORIES by can be determined, and connection can be made to the
The Liesegang patterns described in Sec. | have bee%xperlmentally establlshed.Matalon-Packter [Z%’Zﬂ.'

. ; None of the above theories addresses the question of how
much investigated for about a century,8,17. The gross he Li ff d bv th f back
features ofnormal patterns in reproducible experiments aret e Liesegang patterns are aftected by the presence of back-
rather simole. namelv. the distance between consecuti round ions although the existence of such an effect is ex-

pie, Y, . . V%ected. Indeed, let us take, for example, the expressiop for
bandsx, ;11— X, increases with band order and the posi-

. . obtained in a simple version of thaucleation and growth
tions of the bands obey spacing law[18,19: theory[see Eq.(25)pin [10]] 9

X n>1
% =1+py—1+p, (24 D.c*
n c
p~————, (29
where 1+ p is called the spacing coefficient apd>0. D¢(co—c*)

Currently, the Liesegang phenomenon is mainly studied
as a nontrivial example of pattern formation in the wake of awhereD, is the diffusion coefficient of th€ particles while
moving front[9,20] and the theories of normal patterns re- c* is the threshold concentration 6fs. The meaning oD
volve around the calculation @f The main feature of these (the diffusion coefficient of the fropandc, (the concentra-
theories is that the precipitate appears as the system gosen of C’s left behind the frontis the same as defined in this
through some nucleatid®,20-24, spinodal[11], or coagu- paper. As one can see from H&5), the spacing coefficient
lation[25] thresholds. Most of these theories are rather comédepends on botD; andcy. Thus, on the basis of our results

plicated, however, and have been developed only recently tsee Fig. 4, we expectp to be affected by the background
the level[10,11] thatp can be investigated in detail, and, in ions.



3588 T. UNGER AND Z. RACZ PRE 61

L7 T counterionA™ is slower thamA ™. These observations and the
overall picture are in agreement with the re$@l) obtained
in the nucleation and growth theory. Indeed, is weakly

15F = g dependent oD; thus the main effect comes frold;. As
Fig. 4 showsD; is a smooth, monotonically increasing func-

16 .

o Lar = i tion of D and this translates through E@®5) into a mono-
- ok, ] tonically decreasing(D).
- We have thus shown that the background ions cannot be
12 F " . . T neglected in the description of the Liesegang phenomena un-
"o., .. less the diffusivities of the ions are roughly equal. Although
Lir ey this conclusion appears to complicate the description signifi-
1 . cantly, the reassuring aspect of the result is that all the com-
0.1 1 10 plications can be absorbed into the paramet&rs g§ndcy)

b 1107 m’s] of the front. As a consequence, previous ideas about the pat-
tern formation remain intact apart from the need to take ac-

FIG. 5. Spacing coefficient as a function of the diffusion coef- count of the renormalization of the parametBrsand c,.

ficient (D) of the background ionsA*) for a case withb,/a,
=0.01. The circle corresponds to equal diffusion coefficients where
the description in terms of neutral reagents is valid. VI. FINAL REMARKS

In order to put our expectation on a firmer basis, we cal- A general conclusion we can draw from the present work
culated p numerically by employing a recent theof#l] is that the dynamics of reaction fronts is strongly altered if
where the addition of the background ions is straightforwardthe diffusivities of the reacting ions differ significantly from
The main ingredients in this theory afi¢ a moving reaction those of the background ions. This conclusion is based on the
front that leaves behind the particl€ and (i) a Cahn-  nontrivial density profiles found in a study of the the sim-
Hilliard type phase-separation dynamics for Beparticles.  plest reaction schem&+ B— C assuming negligible screen-
This theory yields the spacing law, and the resultsgf@re  ing length (electroneutrality approximation We believe,
in agreement with the Matalon-Packter law. Thus it appearsiowever, that some aspects of our res(the reaction front
to be a good candidate for the description of the Liesegangan still be characterized by an effective diffusion constant
process. Since the reaction front enters the description onlsind it still leaves behind a constant density of reaction prod-
as a source in the Cahn-Hilliard equatipsee Eq.(3) in  uct) are robust since they appear to follow from more general
[11]], one can study the effect of background ions by modi-considerations, and thus they should be applicable to more
fying the source according to the description in Sec. IV. Thecomplicated cases.
results of our numerical work for a particular case with
by/ay=0.01 (the parameters in the Cahn-Hilliard equation
were set to unityare displayed in Fig. 5. ACKNOWLEDGMENTS
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